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0. Introduction
It is a well-known fact that categories of sheaves on a topological space X need not be finitely accessible, i. e. there need
not be enough finitely presented objects [1]. Finitely accessible additive categories are also called locally finitely presented [7]
(a less favorable, but well-adopted terminology which goes back to Stenström [17]). For example, the category of quasi-
coherent sheaves on a quasi-compact quasi-separated scheme X is locally finitely presented ([10], Corollary 6.9.12). If X
is a ringed space, the presheaves with vanishing stalks form a hereditary torsion class T in the abelian category PSh(X) of
presheaves, such that the corresponding torsion-free classF consists of the separated presheaves, and the quotient category
PSh(X)/T is equivalent to the category Sh(X) of sheaves on X . A criterion for Sh(X) to be locally finitely presented is proved
in [15].
M. Prest [13] has shown that for a hereditary torsion theory (T ,F ) in a module categoryMod(C ) over a small additive
category C , the localizationMod(C )/T is locally finitely presented if the corresponding Giraud subcategory G ofMod(C )
is elementary in a model-theoretic sense [14]. An algebraic criterion forF or G to be an elementary subcategory ofMod(C )
is given in [14].
In the present paper, we show that a full subcategoryB of a locally finitely presented Grothendieck categoryA is locally
finitely presented if it is of finite type, that is, if it is equivalent to a localization B(Σ) with respect to a set of morphisms
Σ ⊂ A in the sense of Bousfield [5], where Σ is a subset of fp(A ), the full subcategory of finitely presented objects in
A (Theorem 2). More generally, a reflective full subcategory of A is locally finitely presented if it is closed under filtered
colimits (Proposition 4). In the special case of a hereditary torsion theory (T ,F ) inA , we show that the torsion-free classF
is of finite type if and only if T is generated by a Serre subcategory of fp(A ) (Theorem 1). Moreover, Theorem 1 states that
the Serre subcategories of fp(A ) are in one-to-one correspondence with (non-full) subcategories of fp(A ) which endow
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the left abelian category fp(A ) with a natural additive Grothendieck topology. We call them topological subcategories. In
the case of a module category A , the torsion-free classes F obtained in this way are just the elementary ones in the sense
of [14].
In Section 2, we apply Theorem 2 to sheaves on a generalized ringed space: Instead of a structure sheaf OX on a space
X which leads to a fibered categorymod(OX ), we replace the fibersmod(OX (U)) for open sets U ⊂ X by small left abelian
categories C (U) which need not have enough projectives. (Note that a left abelian category is equivalent tomod(C ) if and
only if it has enough projectives [16].) Accordingly, we get a fibered category−→C with locally finitely presented abelian fibers−→
C (U) such that C (U) ≈ fp(−→C (U)) for open sets U ⊂ X . The category PSh(X) of presheaves of OX -modules generalizes to
a locally finitely presented category PSh(C ) such that the full subcategory of C -sheaves or separated C -presheaves can be
represented as a localization of Bousfield type (Proposition 7). In the special case that X has a basis of quasi-compact open
sets, we show that these subcategories are of finite type, hence locally finitely presented.
As a special case, we consider the category Rep(Ω,A ) of representations of a partially ordered set Ω with values in a
locally finitely presented Grothendieck category A , which can be regarded as a category of sheaves on a topological space
Ω˜ = Ω ∪ {0}with a basis of quasi-compact open sets. Hence Rep(Ω,A ) is locally finitely presented.
1. Topological subcategories
Throughout this paper, we depict cokernels in an additive category by A  B, and kernels by A B. An additive category
A is said to be left abelian [16] if every morphism in A has a cokernel, and for every cokernel c : B  C of a morphism
f : A→ B, and every g : D→ Bwith cg = 0, there exists a cokernel d : E  D such that gd factors through f :
(1)
For example, the categorymod(R) of finitely presented (left) modules over a ring R is left abelian. By [16], Proposition
1, left abelian categories A have the property that every epimorphism is a cokernel, and every monomorphism is a kernel.
Therefore, A is abelian if and only if A and A op are left abelian.
An object E of a category A is said to be finitely presented if the functor HomA (E,−) respects filtered colimits, i. e. the
natural morphism
lim−→HomA (E, Ai)→ HomA (E, lim−→ Ai) (2)
is invertible. By a filtered colimit in A we mean the colimit of a functor I → A , where I is a small filtered category [12].
The categoryA is said to be finitely accessible [1] ifA has filtered colimits, the full subcategory fp(A ) of finitely presented
objects is skeletally small, and every object of A is a filtered colimit of finitely presented objects. An additive finitely
accessible category is also called locally finitely presented [7,17]. By a theorem of Breitsprecher ([6], Satz 2.7; cf. [7], 2.4),
we have
Proposition 1. A locally finitely presented category is abelian if and only if fp(A ) is left abelian.
Note that by [7], 2.4, an abelian locally finitely presented category is a Grothendieck category. An object F of such a
category A is said to be finitely generated if there is an epimorphism E  F with E ∈ fp(A ).
Definition 1. Let A be a left abelian category. We define a Serre subcategory of A to be a full subcategory S 6= ∅ which
satisfies
(S1) Every A→ S with S ∈ S factors through an epimorphism A  S ′ with S ′ ∈ S .
(S2) If S  A is an epimorphism in A with S ∈ S , then A ∈ S .
(S3) If S, S ′ ∈ S , and c : A  S is a cokernel of f : S ′ → A, then A ∈ S .
Note that if A is abelian, this concept coincides with the usual one, i. e. a full subcategory is Serre if and only if it is closed
with respect to subobjects, factor objects, and extensions.
Definition 2. We call a subcategory E of a left abelian category A topological if it satisfies
(T1) For f : A→ B in A and e : C → B in E , there exists a commutative diagram
with e′ ∈ E .
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(T2) Every epimorphism belongs to E .
(T3) If fg ∈ E , then f ∈ E .
For a full subcategoryS of a left abelian category A , we set
E (S ) := {f ∈ A | Cok f ∈ S }. (3)
Conversely, if E is a subcategory of A , we define S (E ) to be the full subcategory of objects A ∈ ObA such that 0 → A
belongs to E .
Proposition 2. Let A be a left abelian category. Up to equivalence, Eq. (3) gives a one-to-one correspondenceS 7→ E = E (S )
between Serre subcategoriesS and topological subcategories E of A .
Proof. Let S be a Serre subcategory. To verify (T1) for E := E (S ), let f : A → B and e : C → B in E be given, and let
c : B  S be the cokernel of e. By (S1), the composed morphism cf factors through an epimorphism c ′ : A  S ′ with S ′ ∈ S .
So we get a commutative diagram
with c ′ = cok g . Since cfg = 0, there is an epimorphism e′ : D′  D such that fge′ factors through e. Hence c ′ = cok(ge′),
which yields ge′ ∈ E . This proves (T1). Since 0 ∈ S , (T2) is trivial. (T3) follows by (S2). Furthermore, (S3) implies that E is a
subcategory.
Conversely, let E be a topological subcategory, and S := S (E ). For a morphism c : A → S with S ∈ S , (T1) yields a
commutative diagram
(4)
with e ∈ E . Hence c factors through A  Cok e, and (T2), (T3) imply that Cok e ∈ S . This proves (S1). Next, let S  A be
an epimorphism with S ∈ S . Then 0→ S  A belongs to E , which proves (S2). Finally, let f : S ′ → A be a morphism with
cokernel c : A  S such that S, S ′ ∈ S . Since 0→ S belongs to E , there is a commutative diagram (4) with e ∈ E . Therefore,
we find a cokernel d : D  B such that ed factors through f . By (T2) and (T3), this implies that f ∈ E . Hence 0 → S ′ f→ A
belongs to E , which proves (S3).
It remains to show thatS (E (S )) = S and E (S (E )) = E holds for a Serre subcategoryS and a topological subcategory
E . The first equation is trivial. Furthermore, (T2) and (T3) imply that E ⊂ E (S (E )). Conversely, let e : A→ B be in E (S (E )).
Then the cokernel c : B  S of e satisfies S ∈ S (E ). Thus 0→ S belongs to E . By (T1), we find a morphism e′ : C → B in E
with ce′ = 0. Hence there is a cokernel d : D  C such that e′d factors through e. Thus (T2) and (T3) yield e ∈ E . 
Lemma 1. Let c : A  B be an epimorphism in a locally finitely presented Grothendieck category A . For every morphism
f : E → B with E ∈ fp(A ), there exists an epimorphism e : E ′  E in fp(A ) such that fe factors through c.
Proof. Consider the pullback
Then D = lim−→ Ei with Ei ∈ fp(A ). So the commutative diagrams
imply that lim−→(Cok ei) = 0. Hence ej is epic for some j. Take E ′ := Ej. 
Lemma 2. Let A be a locally finitely presented Grothendieck category, and let B be a reflective full subcategory with reflector
F : A → B, such that B is closed under filtered colimits. Assume that F(lim−→i∈I Ei) = 0 with I 6= ∅ and Ei ∈ fp(A ), such that
Ei → Ej is epic for i→ j in I. Then F(Ej) = 0 for some j ∈ I .
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Proof. For i→ j in I , we have a commutative diagram
with f = 0 since lim−→ F(Ej) ∈ B. Thus Ei → F(Ej) is zero for some j. Whence F(Ej) = 0. 
Now let A be a locally finitely presented Grothendieck category. For a Serre subcategory S of fp(A ), let (TS ,FS )
denote the torsion theory in A generated byS . The next result gives a simple description of such torsion theories.
Theorem 1. Let A be a locally finitely presented Grothendieck category. Then S 7→ TS and T 7→ T ∩ fp(A ) gives a one-to-
one correspondence between the Serre subcategories S of fp(A ) and the hereditary torsion theories (T ,F ) in A where F is
closed under filtered colimits.
Proof. LetS be a Serre subcategory of fp(A ). Themain problem consists of showing that the torsion classTS is hereditary.
To achieve this, we consider the full subcategory T of A such that an object T ∈ ObA belongs to T if and only if every
morphism E → T with E ∈ fp(A ) factors through an epimorphism E  S with S ∈ S . We show first that T is a hereditary
torsion class in A . Thus let c : T  A be an epimorphism with T ∈ T . By Lemma 1, every morphism f : E → A with
E ∈ fp(A ) gives rise to a commutative diagram
with E ′ ∈ fp(A ). Hence f ′ factors through an epimorphism p : E ′  S with S ∈ S . Taking the pushout of c ′ and p, we obtain
a factorization f : E  S ′ → Awith S ′ ∈ S . Hence A ∈ T .
To show that T is closed under extensions, let T
a
 A
b
 T ′ be a short exact sequence in A with T , T ′ ∈ T . For any
f : E → Awith E ∈ fp(A ), there is a commutative diagram
with c = cok e for some e ∈ fp(A ), and S ∈ S . Hence there exists a morphism g : E ′ → T with ag = fe. Thus g factors
through a cokernel d : E ′  S ′ with S ′ ∈ S . So the pushout of d and e yields a commutative diagram
with c ′ = cok e′. Hence (S3) yields B ∈ S , and thus A ∈ T .
T is closed under coproducts: If f : E → ∐ Ti is a morphism with Ti ∈ T and E ∈ fp(A ), then f factors through a
finite subcoproduct of
∐
Ti. Hence
∐
Ti ∈ T . Finally, we show that T is closed under subobjects. Let m : A  T be a
monomorphism in A with T ∈ T , and let f : E → A be a morphism with E ∈ fp(A ). Then there is a commutative diagram
with S ∈ S . Somf annihilates the kernel k of c. Hence fk = 0, and thus f factors through c.
This proves that T is a hereditary torsion class of A . By (S1), we have S ⊂ T . On the other hand, assume that T ∈ T .
Then T = lim−→ Ei with Ei ∈ fp(A ). Therefore, every Ei → T factors through an epimorphism E  Si with Si ∈ S . Hence there
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is an epimorphism
∐
Si  T which shows that T ∈ TS . Thus T = TS . Now assume that F = lim−→ Fi with Fi ∈ FS . Since
every morphism S → F with S ∈ S factors through some Fi → F , it follows that F ∈ FS . ThusFS is closed under filtered
colimits.
Conversely, let (T ,F ) be a hereditary torsion theory in A such that F is closed under filtered colimits. Then S :=
T ∩ fp(A ) satisfies (S2) and (S3), and TS ⊂ T . To verify (S1) and T ⊂ TS , let f : E → T be a morphism with E ∈ fp(A )
and T ∈ T . Then Ker f = lim−→ Ei with Ei ∈ fp(A ). For the cokernel Ci of Ei → Ker f  E, we have Ci ∈ fp(A ) and lim−→ Ci ∈ T .
Therefore, Lemma 2 gives Ci ∈ S for some i. This proves that S is a Serre subcategory of fp(A ) and T ⊂ TS . Thus it
remains to be shown that every Serre subcategoryS of fp(A ) satisfies TS ∩ fp(A ) = S . So let E ∈ TS ∩ fp(A ) be given.
By the description of TS , this implies that the identity morphism 1 : E → E factors through an epimorphism E  S with
S ∈ S . Hence E  S is a split monomorphism, and thus E ∼= S. 
The preceding proof immediately implies
Corollary. Let A be a locally finitely presented Grothendieck category with a Serre subcategory S of fp(A ). For an object T of
A , the following are equivalent.
(a) T ∈ TS .
(b) Every E → T with E ∈ fp(A ) factors through some E  S with S ∈ S .
(c) There is an epimorphism
∐
Si  T with Si ∈ S .
2. Full subcategories of finite type
Let A be a locally finitely presented Grothendieck category. A hereditary torsion theory (T ,F ) in A gives rise to a
localization A → A /T , where A /T is equivalent to a Giraud subcategory G of A (see [18], X.1). Explicitly, an object
A ∈ ObA belongs to G if and only if ExtiA (T , A) = 0 for i 6 1. In [13], it is shown that F or G is locally finitely presented
if it is an elementary subcategory of A in a model theoretic sense [14]. In the present section, we give a general algebraic
criterion for a full subcategory of A to be locally finitely presented.
Definition 3. LetA be a locally finitely presented Grothendieck category. For a classΣ ofmorphisms inA , letB(Σ) denote
the full subcategory of objects C ∈ ObA such that for each g : A→ B inΣ , everymorphism A→ C factors uniquely through
g .
We say that a full subcategoryB ⊂ A is of finite type if there is a subsetΣ ⊂ fp(A )withB = B(Σ).
Note that full subcategories of finite type can be regarded as localizations in the sense of Bousfield [5].
Proposition 3. Let A be a locally finitely presented Grothendieck category. Every full subcategory B ⊂ A of finite type is
reflective and closed under filtered colimits.
Proof. Assume that B = B(Σ) with a set Σ ⊂ fp(A ). Note first that with Σ ′ := {Cok e → 0 | e ∈ Σ}, an object B of A
belongs toB if and only if for any e : E → E ′ inΣ ∪Σ ′, every morphism E → B factors through e. For a given object A ofA ,
the pairs (e, f )with e : E → E ′ inΣ ∪Σ ′ and f : E → A form a set. For each such pair (e, f ), let pe,f be the pushout of e along
f , and let pA : A→ A′ be the filtered colimit of the pe,f . So we get a sequence A→ A′ → A′′ → · · · , and let ηA : A→ F(A)
be its filtered colimit. A straightforward verification shows that F(A) ∈ B, and that every morphism A → B with B ∈ B
factors uniquely through ηA. Thus B is a reflective full subcategory of A with reflector F . Let e : E → E ′ be in Σ ∪ Σ ′ and
f : E → lim−→ Bi with Bi ∈ ObB. Then f is of the form f : E
h→ Bi → lim−→ Bi for some i. Since h factors through e, it follows that
f factors through e. Thus lim−→ Bi ∈ ObB. 
Proposition 4. Let A be a locally finitely presented Grothendieck category, and let B be a reflective full subcategory which is
closed under filtered colimits. ThenB is locally finitely presented.
Proof. By assumption, the inclusion B ↪→ A has a left adjoint F : A → B. We show first that F(E) ∈ fp(B) for every
E ∈ fp(A ). Thus let i 7→ Bi be a functorI → A withBi ∈ ObB for a small filtered categoryI . By assumption, lim−→ Bi ∈ ObB.
The unit morphism ηE : E → F(E) induces a commutative diagram
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where the lower horizontal morphism and the vertical morphisms are invertible. Hence e is invertible. Since A is locally
finitely presented, every object B ofB is a filtered colimit B = lim−→ Ei with Ei ∈ fp(A ). Hence B ∼= F(lim−→ Ei) ∼= lim−→ F(Ei). Thus
B is locally finitely presented. 
Propositions 3 and 4 give
Theorem 2. Let A be a locally finitely presented Grothendieck category. Every full subcategory of finite type is locally finitely
presented.
Example 1. Let A be a finite dimensional algebra over a field K . Assume that A has global dimension 2. Then the category
proj(A) of finitely generated projective A-modules has cokernels. Since A is perfect, the flat A-modules are projective (see [2],
Theorem28.4). By [7], Theorem2.2, this implies that the categoryProj(A) of projectiveA-modules is reflective in the category
Mod(A) of A-modules. Furthermore, Proj(A) is closed under filtered colimits. In fact, Proj(A) is of finite type inMod(A): For
every E ∈ mod(A) := fp(Mod(A)) with a finitely generated projective presentation P1 a→ P0  E, the cokernel P of a in
proj(A) yields a map ηE : E → P . Thus if E runs through a skeleton ofmod(A), the ηE form a setΣ with Proj(A) = B(Σ).
The following example shows that the converse of Proposition 3 does not hold in general.
Example 2. Under the assumptions of Proposition 4, we haveB = B(Σ) for the setΣ of morphisms ηE : E → F(E), where
E runs through a skeleton of fp(A ). On the other hand, ifΣ is a set of morphisms E → C in A with E ∈ fp(A ), thenB(Σ)
need not be closed under filtered colimits. For example, let R be a discrete valuation domain with maximal ideal p, and let R̂
denote its p-adic completion. IfΣ := {R→ R̂}, then the reflective full subcategoryB(Σ) ofMod(R) consists of the reduced
R-modules inMod(̂R). However, the quotient field lim−→ p−n̂R of R̂ does not belong toB(Σ).
Example 3. Let R be a ring with a subset Σ ⊂ R. We regard Σ as a set of morphisms R r→ R in mod(R). Then B(Σ) in
Mod(R) consists of the R-modulesM such that for every x ∈ M and r ∈ Σ , there is a unique element y ∈ M with x = ry. By
Theorem 2,B(Σ) is locally finitely presented.
For a torsion-free classB inA , the finiteness condition of Theorem 2 coincides with that of Theorem 1 and also with the
model-theoretic one of [14]. According to [14], a hereditary torsion theory (T ,F ) inA is said to be of finite type if for every
morphism f : E → T with E ∈ fp(A ) and T ∈ T , there is a morphism g : E ′ → Ker f with E ′ ∈ fp(A ) and Cok g ∈ T .
By [14], Theorem 2.4, a hereditary torsion theory (T ,F ) in a module category A is of finite type if and only if F is an
elementary subcategory of A .
Proposition 5. Let (T ,F ) be a hereditary torsion theory in a locally finitely presented Grothendieck category A . The following
are equivalent.
(a) The subcategoryF ⊂ A is of finite type.
(b) The torsion theory (T ,F ) is of finite type [14].
(c) There exists a Serre subcategoryS of fp(A ) with T = TS .
Proof. (a)⇒ (b): Let f : E  T be an epimorphism with E ∈ fp(A ) and T ∈ T . Then Ker f = lim−→ Ei with Ei ∈ fp(A ). Hence
lim−→ Cok(Ei → E) = T . Proposition 3 and Lemma 2 give Ci := Cok(Ei → E) ∈ T for some i. So we have a commutative
diagram
with T ′ ∈ T . This proves (b).
(b)⇒ (c): We set S := T ∩ fp(A ). Then (S2) and (S3) of Definition 1 are satisfied. To prove (S1) and T = TS , let
f : E → T be a morphism with E ∈ fp(A ) and T ∈ T . Let k : K  E be the kernel of f . So there is a morphism g : E ′ → K
with E ′ ∈ fp(A ) and Cok g ∈ T . Hence f factors through E  Cok(kg), and Cok(kg) ∈ T ∩ fp(A ) = S . This shows that
there is an epimorphism
∐
Si  T with Si ∈ S . For T ∈ S , we get (S1).
(c)⇒ (a): ChooseΣ to be the set of morphisms S → 0, where S runs through a skeleton ofS . ThenF = B(Σ). 
Together with Theorem 2, we get
Corollary. Let A be a locally finitely presented Grothendieck category, and let S be a Serre subcategory of fp(A ). Then the
torsion-free classFS is locally finitely presented.
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3. Application to sheaves
For a skeletally small additive category C , letMod(C ) denote the category of C -modules, i. e. additive functors C op → Ab
into the category Ab of abelian groups. We regard C as a full subcategory of Mod(C ) via the Yoneda embedding C 7→
HomC (−, C) := HomMod(C )(−, C). ThenMod(C ) is a locally finitely presented Grothendieck category such that the objects
ofmod(C ) := fp(Mod(C )) are the cokernels of morphisms in C . We call C a variety (of annuli) [4] if idempotents split in C .
By [7], Theorem 1.4, the full subcategory−→C of flat objects inMod(C ) is locally finitely presented with fp(−→C ) = add C , the
variety generated by C , and every locally finitely presented category is of this form.
Now let C be left abelian. Then every topological subcategory E of C gives rise to an additive Grothendieck topology [11,
3] on C . This means that for any C ∈ Ob C , there is a set J(C) of C -submodules of C , such that the following are satisfied.
(G1) Every f : C → D in C induces a map f ∗ : J(D)→ J(C) via pullback.
(G2) Assume that M ∈ J(C) and N is a submodule of C such that f ∗(N) ∈ J(D) for every f : D → C which factors through
M ↪→ C . Then N ∈ J(C).
(G3) The subobject 1C : C → C belongs to J(C) for any C ∈ Ob C .
A category C together with a Grothendieck tolology J is said to be a site.
For a topological subcategory E of C with corresponding Serre subcategory S := S (E ), we define JS (C) to be the set
of submodules M  C in Mod(C ) such that some C ′ → C in E factors through M  C . It is easy to verify that JS is a
Grothendieck topology.
An additive functor F : C op → Ab is called a separated presheaf on the site (C , J) if the natural map
HomC (C, F)→ HomC (M, F) (5)
is injective for eachM ↪→ C in J(C). If the map (5) is bijective for allM ↪→ C in J(C), then F is said to be a sheaf [3]. We call
a separated presheaf F : C op → Ab continuous if F respects kernels of morphisms.
Proposition 6. Let A be a locally finitely presented Grothendieck category, and let S be a Serre subcategory of C := fp(A ). A
presheaf on the site (C , JS ) is continuous if and only if it is flat as a C -module. The category of continuous separated presheaves
on (C , JS ) is equivalent to the torsion-free classFS , and the category of sheaves on (C , JS ) is equivalent to A /TS .
Proof. We can assume that A = −→C ↪→ Mod(C ). By [7], Lemma 4.1, a C -module F is flat if and only if every morphism
E → F of C -modules with E ∈ mod(C ) factors through some C ∈ C . Hence F ∈ ObA if and only if F : C op → Ab respects
kernels of morphisms. In particular, continuous separated presheaves F on C are flat.
The same holds for sheaves F on (C , JS ). In fact, let c : C → C ′ be an epimorphism in C . Then c has a factorization
c : C p M i C ′ in Mod(C ), and (T2) implies that M ∈ J(C ′). Hence HomC (C ′, F) → HomC (C, F) is injective. Now let
c : C → C ′ be a cokernel of f ∈ C . Then c has a factorization c : C e E j→ C ′, where e is the cokernel of f in Mod(C ).
Let g : D → E be a morphism with D ∈ C and jg = 0. Then g = eh for some h : D → C . Since C is left abelian, we get a
commutative diagram
with an epimorphism d in C . To show that F is a continuous presheaf, we have to verify that anymorphism q : E → F factors
through j. Now qgd = qehd = 0 gives qg = 0. Since this holds for every g with jg = 0, the fact that c = je is epic in C
implies that q factors through j. Thus we have proved that F is continuous.
By definition of JS , a C -module F ∈ ObA is a separated presheaf on (C , JS ) if and only if for any C ′ → C in E (S ), the
natural morphismHomC (C, F)→ HomC (C ′, F) is injective, that is, HomC (S , F) = 0. ThusFS consists of the continuous
separated presheaves. Furthermore, F ∈ FS is a sheaf if and only if for any C ∈ C andM ∈ JS (C), every morphismM → F
factors through M  C . By (S2), a submodule i : M  C belongs to JS (C) if and only if Cok i ∈ S . Thus F is a sheaf if and
only if Ext1(S , F) = 0. 
Remark. In the special caseS = 0, the topological subcategory E (S ) consists of the epimorphisms in C . Then the sheaves
on (C , JS ) are just the flat C -modules.
Now we turn our attention to sheaves on a ringed space. Let X be a topological space. By O(X)we denote the set of open
sets in X and regard O(X) as a category with respect to inclusion.
Generalizing the classical context, we consider a presheaf −→C of locally finitely presented Grothendieck categories on
X , that is, a fibered category [9] over O(X)op with locally finitely presented Grothendieck categories −→C (U) as fibers over
U ∈ O(X). So we have a disjoint union
Ob−→C :=
⊔
U∈O(X)
Ob−→C (U)
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such that every morphism j : V ↪→ U in O(X) induces a functor j∗ : −→C (U)→ −→C (V ). Assume that the j∗ are cocontinuous.
For A ∈ Ob−→C (U) and B ∈ Ob−→C (V ), we set
Hom−→
C
(A, B) := Hom−→
C (V )(j
∗A, B). (6)
IfW
i
↪→ V j↪→ U , the composite of two morphisms j∗A→ B and i∗B→ C in−→C is given by i∗j∗A→ i∗B→ C . So there is a
natural functor
P : −→C → O(X)op (7)
which maps the objects of−→C (U) to U .
For any U ∈ O(X), let C (U) be a skeleton of fp(−→C (U)). We assume that for j : V ↪→ U in O(X), the functor j∗ : −→C (U)→−→
C (V )maps a C (U) into C (V ), so that C is again fibered over O(X)op. Thus, up to equivalence, C determines−→C . We call C
a presheaf of small skeletal left abelian categories over X .
Define a C -presheaf to be a functor F : O(X)op → −→C with PF = 1. Thus F associates an object F(U) of −→C (U) to every
U ∈ O(X), and a morphism F(j) : F(U)→ F(V ) in−→C to every inclusion j : V ↪→ U . Note that F(j) is given by a morphism
j∗F(U)→ F(V ) in−→C (V ). The additive category of C -presheaves will be denoted by PSh(C ).
Before we continue, let us briefly recall the classical case. If X is a ringed space with structure sheaf OX , let C (U) be a
skeleton of the module categorymod(OX (U)) for each U ∈ O(X). Then the restrictions OX (U) → OX (V ) for any inclusion
j : V ↪→ U extend to cokernel preserving additive functors j∗ : C (U) → C (V ), so that C becomes a presheaf on X . A C -
presheaf is thus equivalent to a presheaf of OX -modules.
The category PSh(C ) of C -presheaves is again a locally finitely presented Grothendieck category. In fact, since every−→
C (U) is abelian and cocomplete, it follows that PSh(C ) is abelian and cocomplete. Moreover, we have a full embedding
−→
C (U) ↪→ PSh(C ) (8)
for any U ∈ O(X). Namely, if E ∈ Ob−→C (U), we set
E(V ) :=
{
j∗E for j : V ↪→ U
0 for V 6⊂ U (9)
for V ∈ O(X). For i : W ↪→ V , we define E(i) : j∗E → i∗j∗E to be the identity 1 : i∗j∗E → i∗j∗E in the first case j : V ↪→ U ,
and E(i) = 0 otherwise. There is a natural isomorphism
HomPSh(C )(E, F) ∼= Hom−→C (U)(E, F(U)) (10)
for E ∈ Ob−→C (U) and F ∈ PSh(C ), which shows that the functor (8) has a right adjoint. For every j : V ↪→ U in O(X), we
thus have a factorization
j∗ : −→C (U) ↪→ PSh(C )→−→C (V ). (11)
In particular, the adjunction (10) shows that the objects of C (U) are finitely presented in PSh(C ), for each U ∈ O(X). Hence
[1], Theorem 1.11, implies that PSh(C ) is locally finitely presented.
We call F ∈ PSh(C ) separated (resp. aC -sheaf ) if for open coveringsU =⋃i∈I Ui inO(X) and E ∈ Ob C (U), themorphism
d in the diagram
Hom−→
C
(E, F(U))
d−→
∏
i∈I
Hom−→
C
(E, F(Ui)) ⇒
∏
i,j∈I
Hom−→
C
(E, F(Ui ∩ Uj)) (12)
is injective (resp. a difference kernel). If C is given by a ringed space OX , a separated C -presheaf (resp. a C -sheaf) is just a
separated presheaf (resp. a sheaf) of OX -modules.
Using (10), the diagram (12) can be rewritten as follows. For an open covering U = ⋃j∈J Uj, indexed by the inclusions
j : Uj ↪→ U , the components of d carry a morphism E → F(U) in−→C (U) to the composed morphism E → F(U) F(j)−→ F(Uj),
that is, j∗E → j∗F(U)→ F(Uj). With the natural morphism εE : j∗E → E coming from the counit of the adjunction (10), we
have a commutative diagram
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Therefore, the components of d map a morphism E → F of C -presheaves to j∗E εE→ F . Thus if i ∧ j denotes the inclusion
Ui ∩ Uj ↪→ U , the diagram (12) is equivalent to
HomPSh(C )(E, F)
d−→ HomPSh(C )
(∐
j∈J
j∗E, F
)
⇒ HomPSh(C )
(∐
i,j∈J
(i ∧ j)∗E, F). (13)
Let EU denote the difference cokernel of
∐
i,j∈J(i∧j)∗E ⇒
∐
j∈J j∗E in PSh(C ), whereU refers to the open coveringU =
⋃
j∈J Uj.
Then there is a natural morphism eU : EU → E for each open covering U of U ∈ O(X) and E ∈ Ob C (U). So we obtain
Proposition 7. Let C be a presheaf of small skeletal left abelian categories on a topological space X. A C -presheaf F is separated
(resp. a C -sheaf) if and only if for every open covering U of U ∈ O(X) and E ∈ Ob C (U), the map
HomPSh(C )(E, F)→ HomPSh(C )(EU, F) (14)
is injective (bijective).
Thus, in order to apply Theorem 2, the question arises whether the C -presheaf EU is finitely presented.
From now on, we assume that the set D(X) of quasi-compact open sets is a basis of X . Note that an object U of O(X) is
finitely presented if and only if U is quasi-compact. Therefore, our assumption means that O(X) is finitely accessible. Define
A :=⊔D∈D(X) Ob−→C (D). Then P : −→C → O(X)op induces a functor P ′ : A → D(X)op. We call a C -presheaf F : O(X)op →−→C
continuous if F respects filtered colimits in O(X). Thus every functor F : D(X)op → A with P ′F = 1 admits a unique
continuous extension to O(X) via
F(U) := lim←−{F(D) | U ⊃ D ∈ D(X)}. (15)
Therefore, the above argument, applied toD(X) instead ofO(X), shows that the category PSc(C ) of continuousC -presheaves
on X is again a locally finitely presented Grothendieck category.
Note that as in Proposition 6, the category Sh(C ) of C -sheaves is a full subcategory of PSc(C ). The category of separated
continuous C -presheaves will be denoted by PScs(C ).
Proposition 8. Let C be a presheaf of small skeletal left abelian categories on a topological space X. Assume that the quasi-
compact open sets form a basis of X. Then the full subcategories Sh(C ) and PScs(C ) of PSc(C ) are of finite type, hence locally
finitely presented.
Proof. Since D(X) is a basis of open sets, the criterion of Proposition 7 can be restricted to D(X) instead of O(X), and the
open coverings U of U ∈ D(X) can be assumed to be finite. Thus EU is finitely presented for such U. Let Σ1 denote the
set of morphisms EU → E with U ∈ D(X) and E ∈ Ob C (U). Furthermore, we set Σ0 := {Cok e → 0 | e ∈ Σ1}. Then
PScs(C ) ≈ B(Σ0) and Sh(C ) ≈ B(Σ1). Hence PScs(C ) and Sh(C ) are locally finitely presented by Theorem 2. 
The following corollary was proved by A. Ralph [15].
Corollary 1. Let X be a ringed space with structure sheaf OX such that the quasi-compact open sets of X form a basis. Then the
category of OX -modules is a locally finitely presented Grothendieck category.
Proof. For U ∈ O(X), let C (U) be a skeleton ofmod(OX (U)). Then the category of OX -modules is equivalent to Sh(C ). Thus
Proposition 8 applies. 
Corollary 2. Let X be a noetherian ringed space with structure sheaf OX . Then the category of separated presheaves of OX -
modules is locally finitely presented.
Proof. Again we choose a skeleton C (U) of mod(OX (U)) for each U ∈ O(X). Since X is noetherian, the assertion follows
since every C -presheaf is continuous. 
Example 4. LetΩ be a partially ordered set, and let A be a locally finitely presented Grothendieck category. We endowΩ
with a topology such that U ⊂ Ω is open if and only if a 6 b ∈ U implies that a ∈ U . Every functor F : Ωop → A extends
to the open sets U ⊂ Ω via
F(U) := Lim
a∈U F(a). (16)
Thus F becomes a sheaf, and every A -valued sheaf onΩ is of this form. Moreover, the quasi-compact open sets a˜ := {b ∈
Ω | b 6 a} form a basis of Ω . Therefore, the category Sh(Ω) of A -valued sheaves on Ω is a locally finitely presented
Grothendieck category with Sh(Ω) ≈ PSc(Ω). We adjoin a smallest element 0 toΩ , that is, 0 < a for all a ∈ Ω . Then 0 is a
generic point of Ω˜ := Ω ∪ {0}.
Consider the hereditary torsion theory (T ,F ) in Sh(Ω˜) given by
T := {F ∈ Sh(Ω˜) | F(0) = 0}. (17)
ThenF consists of the representations of the posetΩop with values in A , that is, functors F : Ω˜op → A with F(a)→ F(0)
monic for all a ∈ Ω (cf. [8]). SinceF is closed with respect to filtered colimits, Proposition 4 implies thatF is locally finitely
presented. The quotient category Sh(Ω˜)/T is equivalent to A .
186 W. Rump / Journal of Pure and Applied Algebra 214 (2010) 177–186
References
[1] J. Adámek, J. Rosický, Locally Presentable and Accessible Categories, in: London Mathematical Society Lecture Note Series, vol. 189, Cambridge
University Press, Cambridge, 1994.
[2] F.W. Anderson, K.R. Fuller, Rings and Categories of Modules, Springer, New York, Heidelberg, Berlin, 1974.
[3] M. Artin, A. Grothendieck, J.L. Verdier, Théorie des topos et cohomologie étale des schémas (SGA 4), Exp. II, in: Springer Lecture Notes in Mathematics,
vol. 269, 1972.
[4] M. Auslander, Representation theory of artin algebras I, Commun. Algebra 1 (1974) 177–268.
[5] A.K. Bousfield, The localization of spaces with respect to homology, Topology 14 (1975) 133–150.
[6] S. Breitsprecher, Lokal endlich präsentierbare Grothendieck-Kategorien, Mitt. Math. Sem. Giessen 85 (1970) 1–25.
[7] W. Crawley-Boevey, Locally finitely presented additive categories, Commun. Algebra 22 (1994) 1641–1674.
[8] P. Gabriel, Représentations indécomposables des ensembles ordonnés, D’après L. A. Nazarova et A. V. Roiter (Zap. Nauchn. Sem. Leningrad. Otdel. Mat.
Inst. Steklov (LOMI) 28 (1972), 5-31). Séminaire P. Dubreil (26e année: 1972/73), Algèbre, Exp. No. 13, Secrétariat Mathématique, Paris, 1973.
[9] A. Grothendieck, Revêtements étales et groupe fondamental (SGA1), Exposé VI: Categoryégories fibrées et descente, in: LNM, vol. 224, Springer-Verlag,
Berlin, Heidelberg, New York, 1971.
[10] A. Grothendieck, J.A. Dieudonné, Eléments de Géométrie Algébrique, I, Springer-Verlag, Berlin, Heidelberg, New York, 1971.
[11] L. Gruson, Complétion abélienne, Bull. Sci. Math. 90 (1966) 17–40.
[12] S. Mac Lane, Categories for the Working Mathematician, New York, Heidelberg, Berlin, 1971.
[13] M. Prest, Elementary torsion theories and locally finitely presented categories, J. Pure Appl. Algebra 18 (1980) 205–212.
[14] M.Y. Prest, Some model-theoretic aspects of torsion theories, J. Pure Appl. Algebra 12 (1978) 295–310.
[15] A. Ralph, An approach to model theory of sheaves, Dissertation, Univ. of Manchester, 2000.
[16] W. Rump, Triads, J. Algebra 280 (2004) 435–462.
[17] B. Stenström, Purity in functor categories, J. Algebra 8 (1968) 352–361.
[18] B. Stenström, Rings of Quotients, Springer, New York, Heidelberg, Berlin, 1975.
